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Klee [ 1] has shown that metric spaces containing discrete Chebyshev sets
are subject to certain topological limitations. In this connection he posed the
question whether a connected separable metric space can contain such a set.

We give an example. which answers this question in the affirmative. It is
constructed as the union X of a sequence (S,) of finite-dimensional simplices
in /,. They contain distinguished vertices b, such that the distance of any
point x in S, from b, is less than the distance between x and b,, for m = n.
So the set B={b,:n=0,1.2,..} is a Chebyshev set in X. Moreover, by the
given construction one achieves that B is i-dispersed and that, for each .
one vertex of §, can be approximated by a sequence (x,) with x, € S .
This last fact guarantees the connectedness of X.

Let €55, €10+ €1 vees €4ys €1 eeer €,,,.... DE AN orthonormal set in /,. We put
gy =0

and for n=1,2,.. k=0, 1l...n—1,

n k1 1 k
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ank =

ny

(where we define }'}_, ;=0 if / > k).
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For each n =2, 3,..., we have then

1 n-1 n o 1
Han,n— —a, H = ”n— N €, — N EYRST;
1 0 onl = i = YRR
< n—1 "\il \ < 1 N 1 <l
= 2n+l jh_[ 2j+l 22 2 .
Therefore we can put f, = (1 —|3(a, .., —a,l*)'"* for n=1,2,.. and

consider the points

Ay = €y

1
ann = j(an.n— 1 + an()) + lgnenn' n= 1‘ 2‘ M

LEMMA. The above defined points a,,, a,,, @, k=0, l...n,n=1,2...
have the following properties:

(i) lim,a,,_,_,=aforeach k=0, l....
(i) For each n=3,4..., the differences a,, —a,,. G, —a,
Ay a1 — a, ,_, are pairwise orthogonal.
(iii) |la,,—aull=1foralln> 1,k <n.
(iv)y lla,,—all>1forall n.m>=1,k<m n+m.
(V) @, —agll > 1 for all n > 1.
(vi) Jlag, —aull>1forallm>1, k <m.
(Vi) ||@py — @l > 3 for all nym > 1. n # m.
(vili) lay, — a,,|| > % for all n > 1.
Proof. Properties (i) and (ii) are clear from the definitions.

(iii) By the definition of a,, we have a,, —a,,=1(a,,_, —a,)+
_é(an() - ank) +ﬂnenn' By (11) the differences Ay on-1 — Ay and A,0 — a,, are
orthogonal to each other. Since they are also orthogonal to e,,, we get

”ann - ank” - “ %(an.tr [ ank) - %(ano - ank) + ﬂnennu
= H %(an,nf 1 am)) + ﬂnenn”'

It follows that

Hann - ank”2 = ” %(an,n -1 anO)HZ + :B'zz =1
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(iv) We observe that

1
Ay — Ay = 2(an.n— [ an()) + ﬁnenn

n- 1 n-1 1

.
21’ +2

:21142 ,\_ en_/+ﬂnenn“ \_
nol k

Jot i1

€0+

Aun — Ak = An72 .\__ €yj + an T Tam+t _\__ €y
2 jo1 2 il

n-1 1 1 m k-1 1 1
+ N et e, N €y — = €0
— jr2 Fjo 1+ 1 ~n — J+ jo m+ 1 mh
Y 2! I 2

Comparing the coefficients in the above two formulas we see that
la,, — amll > lla,, — a,,ll. The assertion follows then from (iii).

(v) Clearly we have

n | no1

Ay — Qoo =4

o  _\" N
nn T 2n+l en() + 2n+ 2 enj + ﬁn enn + — 2j+ 2 ej(»'
il i

Comparing with the first formula in the proof of (iv) we get ||a,, — @yll >
||ann - an0|| =1

(vi) Obviously [lay, — a,ll =1legy — @uill > [lgoll = 1.
(vii) Assume that n > m > 1. Then we have

n-1 m- 1

Ay — Uy = o PY R _\__ enj + ﬂnenn - ot 2 A €mj — /}memm
1

1 nt ] 1
— 5 € - —_— e, ——
2m+2 me + LT 2,/02 e,/O + 2'1 + 1 S no
therefore
1 n ‘I n ‘I l 1
”amx mm” > 2n+2 \_ en/ +:b,n nn + \_. 2j+ 2 /() + 2n+] m)
Ji-1 Joom+l
= lla — \m‘ Le.
nn 1:—‘1 2/+2 J0

m

\ Y2 >HannH_

>l - X 5

rol—

Since ”aﬂn“ > 1 (by (v))’ We get “a”’l - aln"l“ > %'
(viti) Obviously {[ag, — a,,l| = llegy — @, ll > llegoll = 1.
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We are now able to construct the announced example. To this end we put
S()O: [aO()’a()ll’ Sn:CO({anO’anl"“’ annll) fOI' n= 1’ 2‘

The set X=1{J,., S, is then a separable metric space. which is connected
because of (i).

We consider now the points b, =a,,. b, =a,, for n=1,2..... By (vii) and
(viii) the set B={b,: n=0, 1,...} is 3-dispersed. Moreover, if x is a vertex of
S, and n % m, properties (iii }-(vi) imply that |lx — b,|| < ||x — b,,]|. Since we
consider the /,-norm, the last inequality extends to all points of S, proving
that B is a Chebyshev set in X.
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